Introduction
When a series of lots, produced by a random process (assumed to be under statistical control), are submitted, the acceptance sampling ensures a specified risk of accepting lots of given quality, are thus yields quality assurance. Often, in practice, an acceptancesampling plan is followed by further inspection of lots, when the lots are rejected by the inspection plan. These programs referred to as "rectifying inspection plans" give a definite assurance regarding the quality of the lots passed by the program. For a good account of double and single sampling inspection plans, the reader is referred to (4) . Most of the rectifying inspection plans for lot by lot sampling call for 100 percent inspection of the lots, where all the non-conforming items found during the sampling and rectifying inspection are replaced by good ones.
Some important features of rectifying inspection program are "Average outgoing Quality" (AOQ) and the "Average Outgoing Quality Limit" (AOQL), the maximum value of AOQ (4) have designed sampling plans having the specified AOQL and minimizing the ATI for a given "Process average".
Although AOQ and AOQL are the salient features of the quality of the outgoing lots, they seldom reflect the lot to lot variations in OQ (Outgoing Quality). For instance, as point out in (11) , a sampling plan may exist which has an adequate AOQ at a given value of the process average p, but whose corresponding In this study, we have been developed a minimum variance and VOQL double sampling plan. We have minimized the variance of outgoing quality to develop a sampling plan under total rectification. This is an improvement over AOQL, which is commonly used in acceptance sampling plan. The thrust of this effort is to establish criteria for minimum variance sampling plans and derive the techniques for their determination. The result are explained & discussed and shown through the various tables.
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variance of outgoing quality could be considerably large. This may cause a considerable departure of the actual quality of the delivered lots from the value of AOQ. Therefore, AOQ alone is a misleading measure of the effectiveness of the sampling plan. We should also take into account the variance of OQ in assessing a sampling plan. For single sampling rectification inspection plans (11) introduce the OQ as explicit the random variable and based on the variance of OQ, he derived the minimum variance single sampling plans. Analogous to the design of a rectifying inspection plan with a given AOQL (5), (P.302), he devised also plans with designated VOQL (Variance of outgoing quality limit), the maximum variance of OQ.
Our aim in this paper is to obtain the minimum variance and VOQL double sampling plans. In section 2, we lay down the basic assumptions, and derive the distributions of OQ for a double sampling plan. In section 3, we develop the sampling plans, under total rectification, which minimize the variance of the outgoing quality. Finally, in section 4, we obtain VOQL plans, which have the specified maximum variance of the outgoing quality.
Basic assumptions and distributional properties of OQ of a double sampling plan
Suppose we have a random process, operating in a random manner but under statistical control, which turns out (on the average) 100p percent non-conforming items. The product of this process will be said to be of quality p or the product is said to have process average p. If lots of size N are made up of thus products, then the number of non-conforming units of the lots will follow a binomial distribution or, in order words the lot quality is binomial variate with parameters N and p, the process average. Assume lots of size N, and of quality p, are submitted for inspection. Our concern here is to employ suitable double sampling (rectification) plan to make a decision regarding the acceptance of lots.
Notations and basic assumptions
We employ the following notations: n 1 , n 2 : size of the first and that of the second sample. S N-n , S N-n1-n2 : the number of non-conforming items in the remaining portion of the lot when the first sample of size n 1 and when the second sample of size n 2 is taken from the lot X: the number of non-conforming items in the lot of size N drawn at random from a (theoretically infinite) random process.
h (x | n, X, N): the probability mass function of a hyper-geometric distribution and is equal to
Where N = 0, 1, 2, ….., X = 0, 1, …..N;, n = 0, 1, ……, N and max (n -N + X, 0) ≤ x ≤ min (X, n) 100 Y 1: a discrete random variable assuming three values, say 0, 1 or c accordingly as the lot is rejected, accepted or no decision is taking on the basis of the first sample. Y 2 : also on indicator variable taking the value zero or unity respectively when the lot is finally rejected or accepted on the basis of both the samples.
Our basic assumptions are the following: (a) P (X = x) = b (x | N, p), x = 0, 1, …N, denotes the prior distribution of X. (b) P (X 1 = x 1 | X) = h (x 1 | n 1 , X, N) and (c) P (X 2 | X, X 1 ) = h (x 2 | n 2 , X -X 1 , N -X 1 )
With the above notations and assumptions, we have the following results:
(i) The joint distribution of X, X 1 and X 2 is P (X = x, X 1 = x 1 , X 2 = x 2 ) = b (x N, P) h (x 1 | n 1 , x, N) h (x 2 | n 2 , xx 1 , Nx 1 ) = b (x 1 | n 1 , p) b (x 2 | n 2 , p) b (xx 1x 2 | N n 1n 2 , p) which shows that the random variable X 1 , X 2 and X -X 1 -X 2 are independent binomial random variables with the same parameter p (see, for example, Hald) (1981))
where B (| n, p) denotes the binomial distribution function with parameters n and p.
(iii) S N-n1 is binomial variate with parameters Nn 1 and p and is independent Y 1 and Z.
Similarly S N-n1-n2 also has a binomial distribution with parameters N -n1 -n2 and p and is independent of Y 1 , Z and Y 2 . In the theoretical analysis that follows, we assume for simplicity that 100 percent inspection of the rejected lot is perfect.
Distribution of OQ
We define the outgoing quality, associated with a doubling sampling rectification plan, as the quality of the material turned out by the combinations of sampling and 100 percent inspection.
That is, the random variable OQ is defined as
Where all the random variables of the right hand side of (2.1) are defined in section 2.1 Observe that N.OQ is a discrete random variable taking the values 0,1,2,……..N-n1 The probability distribution of OQ can be seen to be
Where n = n 1 + n 2 and Pa = pa 1 + Pa 2 . The expectation of OQ denoted by AOQ, is given by
Here, we know that S N-n1 are the nonconfirming items in the lot when we take first sample of size n 1 .
Then,
Similarly,
The terms which have Y 1 (1 -Y 1 ) will be zero because Y 1 takes value of 0 or 1.
In this equation the terms expectation will be zero because Y 1 Z and Y 2 (1-Z) are independent and the expectations of independent terms will be covariance of independent terms will be zero.
(1-Z) 2 ) = Pa 1 E (S 2 N-n1 ) + Pa 2 E (SN-n 2 ) = Pa 1 ((Nn 1 ) p(1p) + (Nn 1 ) 2 p 2 ) + Pa 2 ((N-n)p (1-p) + (N-n) 2 p 2 ) = Pa 1 (N-n 1 ) p(N-n 1 )p 2 ) + (N-n 1 ) 2 p 2 + Pa 2 ((N-n)p -(N-n)p 2 + (Nn) 2 p 2 ) N 2 E(OQ 2 )) = Pa 1 ((N-n 1 )p + (N-n 1 ) (N-n 1 -1)p 2 ) + Pa 2 ((N-n)p + (Nn) (N-n-1)p 2 )
Using the fact EW 2 = n (n -1)p 2 + np, if W is a binomial variate with parameters n and p, therefore, the variance of OQ, denoted by VOQ, can be seen to be N 2 VOQ = N 2 E (OQ 2 ) -(N.AOQ) 2 = Pa 1 {(Nn 1 ) (N-n 1 -1)p 2 + (N-n 1 )p} + Pa 2 {(N-n) (N-n-1)p 2 + (N-n)p} -(N{N-n 1 )Pa 1 } + (N-n)Pa 2 } p) 2 = p 2 ((N-n 1 ) 2 Pa 1 (1-pa) + (N-n) 2 Pa 2 (1-Pa) + n 2 2 Pa 1 Pa 2 ) + p(1-p) )(N-n)pa + nPa 1 )
Minimum variance double sampling plans

Properties of admissible and minimum variance plan
It is apparent that the AQO is a function of the process average p. Suppose we are interested in the AOQ at a specific value of p, say p 0 , which may be dictated from practical considerations. Lot AOQ 0 , VOQ 0 , P a10 , P a20 and Pa 0 be the respective quantities calculated at p 0 . Also let SOQ 0 denote the positive square root of VOQ 0 .
Our aim now is to find a plan, which minimize VOQ0 and satisfies the conditions: Where M is a specified constant less than 1.
The condition (4.3.2.1) is simple but a critical assumption (See (11) p. 557) in order to obtain meaningful optimal plans. For a plan with Pa = 1 will always lead to the acceptance of the lot irrespective of its quality. Note also that the value of M could be specified in advance by the consumer or the experimenter depending upon the value of p0 and his requirements. Observe first that from (4.3.1.1) and (4.
We know express VOQ 0 in terms of the specified AOQ 0 and p 0 substituting (3.1.1) in (2.2.3) . We obtain
There are usually many plans satisfying (3.1.1) and (3.1.2), which we call admissible plans, for a given AOQ 0 , N and P 0 . Among these plans, the one which minimizes VOQ 0 or equivalently (Nn 1 ) 2 Pa 10 + (Nn) 2 Pa 20 is called an optimal double sampling plan.
Determination of minimum variance plan
As discussed in the earlier section, our first step is to solve the equation (3.1.1) for n 1 and n 2 for some selected values of c1 equation (3.1.1) for c 1 and c 2 . The determination of an arbitrary double sampling plan satisfying (3.1.1) for the given values of AOQ 0 , p 0 and N is complicated. Therefore we consider the case where n2 is equal to a constant multiple of n 1 .
We employ Poisson approximation to the binomial distribution in the calculation of probabilities involved in a double sampling plan.
We obtain double sampling plans satisfying , where x denotes the integral part of x > 0. We repeat the above procedure for different values of c1 and c2 and obtain the plans (satisfying (3.1.1)) for which the calculated values Pa 0 , SOQ 0 , AOQL and AOQ 0 are also given in Table 1 .
Similarly the sample plans for the case n 2 = 2na = 2n 0 , have been calculated by solving the equation (3.2.2) . These plans and their associated characteristics are given in Table 2 .
Consider now the problem of determining the minimum variance sampling plans for the given values of say, N = 1000, p 0 = 0.002, APQ 0 = 0.015 and M = 0.95. For the case of equal sample sizes (Table 1) , the plans starting from (c 1 , c 2 ) = (0, 1) to (c 1 , c 2 ) = (5, 10) are admissible plans. The optimal plan (179, 179, 5, 10) with SOQ0 =0.005645 has about 37% reduction over 0.008912, the maximum value of SOQ 0 of admissible plans. Similarly, for the case n 2 = 2n 1 = 2n 0 (Table  2) , the optimal plan (169, 169, 5, 10) has about 34% reduction over the maximum attainable SOQ 0 .
Finally, we remark that the information regarding the AOQL as also provide for all the plans listed in the tables. This would help the experimenter to choose a minimum variance plan with acceptable levels of AOQL. Also, note that, from the list column of the table 1 and 2, the actual value (or the calculated) of AOQ 0 of all the plans is practically the same as the designed one.
Double sampling VOQL plans
In this section we develop double sampling plans which have the designated VOQL, the maximum variance of the outgoing quality. Such plans are called VOQL plans, similar to AOQL plans available in the literature (4). (11) devised VOQL plans for single sampling (7) proposed a procedure for finding a double sampling (non-rectifying) plans such that the probability of accepting the lot is at least 1α, if p = p 0 and at most β if p = p1 (> p 0 ) When the lot size N is large, and the terms with coefficients of order o (N -1 ) and o N -2 ) are ignored, we have from (4. Where P a = Pa 1 + Pa 2 . Setting n 1 p = z 1 and n 2 p = z 2 , we have Our aim is to find n 1 , n 2 for chosen c 1 , c 2 , such that VOQ ≤ VOQL, a specified quantity. This lead us to find VOQ F = max z1, z2 VOQ F (z 1 , z 2 ). For may choices of c 1 and c 2 it is observed that VOQF corresponds to the case Z 2 = 0. To avoid this situation, we impose the constraint z 2 ≥ l z 1 (k > 0) and define VOQ F k = max VOQ F (z 1 , z 2 ) ………………..(4.5)
It can be seen that the maximum in the right hand side of (4.5) attains at z 2 = kz 1 and observed also that, from (4.2) and (4.4), we have for given VOQL. The procedure for finding VOQL plans is given below. Here VOQL 0 denote the calculated value of VOQL for a particular plan.
(1) For chosen c 1 and c 2 and k, compute VOQ F k from (4.5)
(2) Compute n 1 and n 2 using (4.6) and (4.7) and round them to the next smallest integer.
(3) For the plan (c 1 , c 2 , n 1 , n 2 ), determined from step 2, compute VOQL 0 . If VOQL 0 ≤ VOQL, go the step 4. Otherwise set n 1 = n 1 + 1 and n 2 = k (n 1 + 1) and repeat this step.
(4) Change the values of c 1 and / or c 2 , and repeat the steps 1-3
The VOQL plans for the cases k = 1 and k = 2 are respectively given in tables 3 and 4 for the case N = 1000 and a VOQL = 0.000225.
Let for example, p 0 = 0.01. Then the VOQL plans for the case k = 1 and k = 2, denoted by * * in tables, are respectively given by (90, 90, 1, 4) and (80, 160, 1, 5). 10  11  12  13  8  9  10  11  12  13  14  10  11  12  13  14  15  12  13  14  15  16  17  18  19  14  15  16  17  18  19  20  21  22  23   200  202  205  210  221  221  221  221  222  224  227  241  241  241  242  242  244  261  261  261  261  262  263  266  270  280  280  280  280  280  281  284  288  293 12  13  11  12  13  14  15  16  17  15  16  17  18  19  20  21  18  19  21  22  23  24  22  24  25  26  27  28  22  25  27  28  29  30   356  356  398  398  398  398  400  402  404  442  442  442  442  444  446  450  482  482  482  484  488  492  522  522  522  526  530  534  560  560  560  560  562 Hence concluded in this paper, a double acceptance sampling plan have been developed which is based on the OQ specifications. It has been noticed that no DASP consider variance criteria except a few for OQ. We have been presented various values for DASP parameters and the necessary tables based on the VOQL plan. However, the VOQL sampling plan is very sensitive to the product quality. The different VOQL plan aspects have been discussed. These aspects have their combined effect to get an economic sampling plan with VOQL concept in decision making analysis.
